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Abstract
In the paper, we give an affirmative answer to the conjecture in [2]. We
prove that a Shamsuddin derivation D is simple if and only if Aut(K[x, y1,
. . . , yn])D = {id}. In addition, we calculate the isotropy groups of some
Shamsuddin derivations of K[x, y1, . . . , yr].
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1 Introduction
Throughout this paper, we will write K for any field with characteristic zero and
R := K[x, y1, . . . , yn] for the polynomial algebra over K in n + 1 indeterminates
x, y1, . . . , yn. ∂x, ∂i will denote the derivations
∂
∂x
, ∂
∂yi
of R for all 1 ≤ i ≤ n,
respectively. More generally, if s, r1, . . . , rs ≥ 1 are integers and x
⋃
{yi,j : i =
1, . . . , s, j = 1, . . . , ri} are indeterminates over K, ∂i,j will denote the derivation
∂
∂yi,j
of K[x,
⋃s
i=1{yi,1, . . . , yi,ri}]. We abbreviate
∂gt
∂yj
as gtyj . For element f of K[x],
we shall often use f ′ instead of fx.
A K-derivation D : R→ R of R is a K-linear map such that
D(ab) = D(a)b+ aD(b)
∗The author is supported by the NSF of China (Grant No. 11871241; 11601146), the China
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for any a, b ∈ R and D(c) = 0 for any c ∈ K. The set of all K-derivations of R is
denoted by DerK(R). An ideal I of R is called D-stable if D(I) ⊂ I. R is called
D-simple if it has no proper nonzero D-stable ideal. The K-derivation D is called
simple if R has no D-stable ideals other than 0 and R. For some examples of
simple derivations, see [1], [3], [5], [6], [8], [9], [10], [11].
Let Aut(R) act on DerK(R) by:
(ρ,D)→ ρ−1 ◦D ◦ ρ = ρ−1Dρ.
The isotropy subgroup is defined to be:
Aut(R)D := {ρ ∈ Aut(R)|ρD = Dρ}.
A derivation D of R is said to be a Shamsuddin derivation if D = ∂x +∑n
i=1(aiyi + bi)∂i with ai, bi ∈ K[x] for all 1 ≤ i ≤ n. Observe that if D is such
a Shamsuddin derivation of R, then grouping the terms that have the same ai
and renaming the indeterminates yi and the polynomials ai, bi if necessary, we
can write D in the following form:
D = ∂x +
s∑
i=1
ri∑
j=1
(aiyi,j + bi,j)∂i,j
with ai, bi,j ∈ K[x] for every i and every (i, j), ai 6= al for i 6= l.
In [2], L.N.Bertoncello and D.Levcovitz have proved that the isotropy group
of simple Shamsuddin derivations is trivial. They also conjectured that if the
isotropy group of a Shamsuddin derivation is trivial, then the Shamsuddin deriva-
tion is simple. In our paper, we give an affirmative answer to the conjecture. In
addition, we calculate the isotropy groups of some Shamsuddin derivations of
K[x, y1, . . . , yr].
2 Affirmative answer to the conjecture in [2]
Lemma 2.1. Let d = ∂x+
∑r
j=1 bj(x)∂j be a derivation of K[x, y1, . . . , yr]. Then
Aut(K[x, y1, . . . , yr])d = {(f, g1, . . . , gr)}, where f = x + p(y1 − h1(x), . . . , yr −
hr(x)), gt =
∑mt
k=0
1
k+1
btkf
k+1+qt(y1−h1(x), . . . , yr−hr(x)) and bt(x) =
∑mt
k=0 btkx
k,
ht(x) =
∫
bt(x)dx for all 1 ≤ t ≤ r, p ∈ K[y1−h1(x), . . . , yr−hr(x)], (f, q1, . . . , qr)
is any polynomial automorphism of K[x, y1, . . . , yr].
Proof. Let ρ ∈ Aut(K[x, y1, . . . , yr])d with ρ(x) = f(x, y1, . . . , yr), ρ(yt) = gt(x, y1,
. . . , yr) for all 1 ≤ t ≤ r. Then we have the following equations:
d(ρ(x)) = ρ(d(x))(2.1)
d(ρ(yt)) = ρ(d(yt))(2.2)
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for all 1 ≤ t ≤ r. That is,
fx +
r∑
j=1
bj(x)fyj = 1(2.3)
gtx +
r∑
j=1
bj(x)gtyj = bt(f)(2.4)
for all 1 ≤ t ≤ r. Let x¯ = x, y¯j = yj − hj(x) and hj(x) =
∫
bj(x)dx for all
1 ≤ j ≤ r. Then it follows from equation (2.3) that fx¯ = 1. Thus, we have
f = x¯ + p(y¯1, . . . , y¯r) for some p ∈ K[y¯1, . . . , y¯r]. That is, f = x + p(y1 −
h1(x), . . . , yr − hr(x)). Since bt(x) =
∑mt
k=0 btkx
k, it follows from equation (2.4)
that gtx¯ =
∑mt
k=0 btkf
k. Thus, we have
gt =
mt∑
k=0
1
k + 1
btkf
k+1 + qt(y¯1, . . . , y¯r)
for some qt(y¯1, . . . , y¯r) ∈ K[y¯1, . . . , y¯r] and for all 1 ≤ t ≤ r. Since ρ ∈ Aut(K[x, y1,
. . . , yr]), we have that (f, q1, . . . , qr) is a polynomial automorphism ofK[x, y1, . . . ,
yr]. This completes the proof.
Remark 2.2. Let d = ∂x +
∑r
j=1(a(x)yj + bj(x))∂j be a derivation over K[x, y1,
. . . , yr]. If there exists j0 ∈ {1, 2, . . . , r} such that bj0(x) = 0, then it is easy to
verify that (x, y1, . . . , c˜yj0, . . . , yr) ∈ Aut(K[x, y1, . . . , yr])d for any c˜ ∈ K
∗. Thus,
Aut(K[x, y1, . . . , yr])d 6= {id}. Let (f, q1, . . . , qr) = (x, c˜1y1, . . . , c˜ryr) in Lemma
2.1 with c˜1, . . . , c˜r ∈ K
∗. Then (x,
∑m1
k=0
1
k+1
b1kx
k+1+ c˜1y1, . . . ,
∑mr
k=0
1
k+1
brkx
k+1+
c˜ryr) ∈ Aut(K[x, y1, . . . , yr])d for any c˜1, . . . , c˜r ∈ K
∗. Thus, Aut(K[x, y1, . . . , yr])d
6= {id} in Lemma 2.1.
Theorem 2.3. Let d = ∂x+
∑r
j=1(a(x)yj + bj(x))∂j be a Shamsuddin derivation
of K[x, y1, . . . , yr]. Then the following two statements are equivalent:
(1) d is a simple derivation;
(2) Aut(K[x, y1, . . . , yr])d = {id}.
Proof. (1)⇒ (2) It follows from Theorem 3.2 in [2].
(2) ⇒ (1) It follows from Theorem 3.2 in [7] that d is a simple deriva-
tion if and only if z′ = a(x)z +
∑r
j=1 kjbj(x) does not have any solution in
K[x] for every (k1, . . . , kr) ∈ K
r \ {(0, . . . , 0)}. Thus, it suffices to prove that
if z′ = a(x)z +
∑r
j=1 kjbj(x) has a solution in K[x] for some (k1, . . . , kr) ∈
Kr \ {(0, . . . , 0)}, then Aut(K[x, y1, . . . , yr])d 6= {id}. It follows from Lemma
2.1 and Remark 2.2 that we can assume that a(x)b1(x) · · · br(x) 6= 0. Let ρ ∈
Aut(K[x, y1, . . . , yr])d and ρ(x) = f(x, y1, . . . , yr), ρ(yt) = gt(x, y1, . . . , yr) for
all 1 ≤ t ≤ r; f(x, y1, . . . , yr) =
∑
|α|=d fα(x)y
α1
1 · · · y
αr
r +
∑
|α|<d fα(x)y
α1
1 · · · y
αr
r ,
gt(x, y1, . . . , yr) =
∑
|βt|=nt
gtβt(x)y
βt1
1 · · · y
βtr
r +
∑
|βt|<nt
gtβt(x)y
βt1
1 · · · y
βtr
r with fα(x)
3
6= 0, gtβt(x) 6= 0 for some |α| = d, |βt| = nt and for all 1 ≤ t ≤ r. Then we have
the following equations:
d(ρ(x)) = ρ(d(x))(2.5)
d(ρ(yt)) = ρ(d(yt))(2.6)
for all 1 ≤ t ≤ r. It follows from equation (2.5) that
∑
|α|=d
f ′α(x)y
α1
1 · · · y
αr
r +
∑
|α|<d
f ′α(x)y
α1
1 · · · y
αr
r +
r∑
j=1
(a(x)yj + bj(x))·
(
∑
|α|=d
αjfα(x)y
α1
1 · · · y
αj−1
j · · · y
αr
r +
∑
|α|<d
αjfα(x)y
α1
1 · · · y
αj−1
j · · · y
αr
r ) = 1
(2.7)
We view that the polynomials are in K[x][y1, . . . , yr] with coefficients in K[x]
when we compare the coefficients of yα11 · · · y
αr
r . If |α| ≥ 1, then we have
f ′α(x) = −(α1 + · · ·+ αr)a(x)fα(x)(2.8)
by comparing the coefficients of yα11 · · · y
αr
r with |α| = d of equation (2.7). Thus, we
have fα(x) = 0 for all |α| = d by comparing the degree of x of equation (2.8). This
is a contradiction. Therefore, we have |α| = 0. That is, f(x, y1, . . . , yr) = f0(x).
It follows from equation (2.7) that f ′0(x) = 1. Thus, we have f0(x) = x + c for
some c ∈ K. That is, f(x, y1, . . . , yr) = x+ c. It follows from equation (2.6) that
∑
|βt|=nt
g′tβt(x)y
βt1
1 · · · y
βtr
r +
∑
|βt|<nt
g′tβt(x)y
βt1
1 · · · y
βtr
r +
r∑
j=1
(a(x)yj + bj(x))·
(
∑
|βt|=nt
βtj · gtβt(x)y
βt1
1 · · · y
βtj−1
j · · · y
βtr
r +
∑
|βt|<nt
βtj · gtβt(x)y
βt1
1 · · · y
βtj−1
j · · · y
βtr
r )
= a(x+ c)(
∑
|βt|=nt
gtβt(x)y
βt1
1 · · · y
βtr
r +
∑
|βt|<nt
gtβt(x)y
βt1
1 · · · y
βtr
r ) + bt(x+ c)
(2.9)
If |βt| ≥ 1, then we have
g′tβt(x) = [a(x+ c)− (βt1 + · · ·+ βtr)a(x)]gtβt(x)(2.10)
by comparing the coefficients of yβt11 · · · y
βtr
r with |βt| = nt of equation (2.9) for
all 1 ≤ t ≤ r. Thus, we have gtβt(x) ∈ K for all |βt| = nt and gtβt(x) ∈ K
∗ for
some βt = nt and for all 1 ≤ t ≤ r, and
a(x+ c) = (βt1 + · · ·+ βtr)a(x)(2.11)
by comparing the degree of x of equation (2.10) for some gtβt(x) ∈ K
∗. Thus,
we have |βt| = 1 by comparing the highest degree of x of equation (2.11) for all
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1 ≤ t ≤ r. Therefore, there exists j0 ∈ {1, 2, . . . , r} such that βtj0 = 1 and βtj = 0
for all j 6= j0 and for all 1 ≤ t ≤ r. Therefore, we have
gt =
r∑
j=1
ctjyj + gt0(x)(2.12)
for some ctj ∈ K, det(ctj)r×r 6= 0 and for all 1 ≤ t, j ≤ r.
(1) If c 6= 0, then Aut(K[x, y1, . . . , yr])d 6= {id} because (x + c, g1, . . . , gr) ∈
Aut(K[x, y1, . . . , yr])d for some g1, . . . , gt ∈ K[x, y1, . . . , yr].
(2) If c = 0, then it follows from equation (2.9) that
g′t0(x) = a(x)gt0(x) + bt(x)−
r∑
j=1
ctjbj(x)(2.13)
for all 1 ≤ t ≤ r. Suppose that Q(x) ∈ K[x] is a solution of z′ = a(x)z +∑r
j=1 kjbj(x) for some (k1, . . . , kr) ∈ K
r \ {(0, . . . , 0)}. Without loss of generality,
we can assume that k1 = 1. Since equation (2.13) is satisfied by gt0(x) for all
1 ≤ t ≤ r, we can choose a t such that t = 1. Let 1 − c11 = e, c1j = e · kj for all
2 ≤ j ≤ r. Then g10(x) = e ·Q(x) satisfies equation (2.13) for any e ∈ K
∗. Thus,
g1(x, y1, . . . , yr) = (1− e)y1 + e ·
∑r
j=2 kjyj + e ·Q(x) for any e ∈ K
∗. Therefore,
we have (x, (1− e)y1+ e ·
∑r
j=2 kjyj+ e ·Q(x), y2, . . . , yr) ∈ Aut(K[x, y1, . . . , yr])d
for any e ∈ K∗, e 6= 1. That is, Aut(K[x, y1, . . . , yr])d 6= {id}. This completes the
proof.
Corollary 2.4. Let d = ∂x +
∑r
j=1(a(x)yj + bj(x))∂j be a Shamsuddin deriva-
tion of K[x, y1, . . . , yr] with a(x) 6= 0. Then Aut(K[x, y1, . . . , yr])d = {(x +
c,
∑r
j=1 c1jyj+g10(x), . . . ,
∑r
j=1 crjyj+gr0(x))| det(ctj)r×r 6= 0 and g
′
t0(x) = a(x) ·
gt0(x) + bt(x)−
∑r
j=1 ctjbj(x) for all 1 ≤ t ≤ r}.
Proof. The conclusion follows from the proof of Theorem 2.3.
Theorem 2.5. Let D = ∂x +
∑s
i=1
∑ri
j=1(ai(x)yi,j + bi,j(x))∂i,j be a Shamsuddin
derivation of K[x, yi,1, . . . , yi,ri] for all 1 ≤ i ≤ s. If A1 = (f, gi0,1, . . . , gi0,ri0 ) ∈
Aut(K[x, yi0,1, . . . , yi0,ri0 ])Di0 for some i0 ∈ {1, 2, . . . , s}, where Di0 = ∂x +
∑ri0
j=1
(ai0(x)yi0,j + bi0,j(x))∂i0,j, then A2 = (f, y1,1, . . . , y1,r1, . . . , yi0−1,1, . . . , yi0−1,ri0−1 ,
gi0,1, . . . , gi0,ri0 , yi0+1,1, . . . , yi0+1,ri0+1 , . . . , ys,1, . . . , ys,rs) ∈ Aut(K[x, y1, . . . , yn])D.
Proof. Without loss of generality, we can assume that i0 = 1. Clearly, A2 is a
polynomial automorphism of K[x, y1, . . . , yn]. Let ρ = A2. That is, ρ(x) = f ,
ρ(y1,j) = g1,j and ρ(yi,j) = yi,j for all 1 ≤ j ≤ ri, 2 ≤ i ≤ s. It suffices to
prove that D(ρ(x)) = ρ(D(x)) and D(ρ(yi,j)) = ρ(D(yi,j)) for all 1 ≤ j ≤ ri,
1 ≤ i ≤ s. Since A1 ∈ Aut(K[x, y1,1, . . . , y1,r1])D1, we have D1(ρ(x)) = ρ(D1(x))
and D1(ρ(y1,j)) = ρ(D1(y1,j)) for all 1 ≤ j ≤ r1. That is,
fx +
r1∑
j=1
(a1(x)y1,j + b1,j(x))fy1,j = 1(2.14)
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and
(g1,j)x +
r1∑
j=1
(a1(x)y1,j + b1,j(x))(g1,j)y1,j = a1(f)g1,j + b1,j(f)(2.15)
for all 1 ≤ j ≤ r1. SinceD(ρ(x)) = fx+
∑r1
j=1(a1(x)y1,j+b1,j(x))fy1,j , ρ(D(x)) = 1,
D(ρ(y1,j)) = (g1,j)x+
∑r1
j=1(a1(x)y1,j+b1,j(x))(g1,j)y1,j and ρ(D(y1,j)) = a1(f)g1,j+
b1,j(f), D(ρ(yi,j)) = aiyi,j + bi,j = ρ(D(yi,j)) for all 1 ≤ j ≤ ri, 2 ≤ i ≤ s. It fol-
lows from equations (2.14) and (2.15) that D(ρ(x)) = ρ(D(x)) and D(ρ(yi,j)) =
ρ(D(yi,j)) for all 1 ≤ j ≤ ri, 1 ≤ i ≤ s. That is, A2 ∈ Aut(K[x, y1, . . . , yn])D.
This completes the proof.
Theorem 2.6. Let D = ∂x +
∑s
i=1
∑ri
j=1(ai(x)yi,j + bi,j(x))∂i,j be a Shamsuddin
derivation of K[x, y1, . . . , yn]. Then the following two statements are equivalent:
(1) D is a simple derivation;
(2) Aut(K[x, y1, . . . , yn])D = {id}.
Proof. (1)⇒ (2) It follows from Theorem 3.2 in [2].
(2)⇒ (1) It suffices to show that ifD is not simple, then Aut(K[x, y1, . . . , yn])D
6= {id}. Since D is not simple, it follows from Theorem 3.1 in [7] that Di0 is not
simple for some i0 ∈ {1, 2, . . . , s}, where Di0 = ∂x+
∑ri0
j=1(ai0(x)yi0,j+bi0,j(x))∂i0,j .
Without loss of generality, we can assume that i0 = 1. It follows from The-
orem 2.3 that there exists A1 ∈ Aut(K[x, y1,1, . . . , y1,r1]) and A1 6= id such
that A1 ∈ Aut(K[x, y1,1, . . . , y1,r1])D1 . It follows from Theorem 2.5 that A2 =
(A1, y2,1, . . . , y2,r2, . . . , ys,1, . . . , ys,rs) ∈ Aut(K[x, y1, . . . , yn])D. Since A1 6= id, we
have A2 6= id. Then the conclusion follows.
Remark 2.7. In [4], the authors have proved Theorem 2.6 if n = 1 and a(x) 6= 0.
We have proved Theorem 2.6 if n = 1 in [12].
Acknowledgement: The author is very grateful to the Department of Math-
ematics of Illinois State University, where this paper was finished, for hospitality
during her stay as a visiting scholar.
References
[1] R. Baltazar, I. Pan, On solutions for derivations of a Noetherian k-algebra
and local simplicity, Communications in Algebra, 43(7):2739-2747, 2015.
[2] L.N.Bertoncello, D.Levcovitz, On the isotropy group of a simple derivation,
J. Pure Appl. Algebra, 224(1):33-41, 2020.
[3] P. Brumatti, Y, Lequain and D. Levcovitz,Differential simplicity in Polymo-
mial Rings and Algebraic Independence of Power Series, J. London Math.
Soc. (2),68, 615-630, 2003.
6
[4] L.G.Mendes, I. Pan, On plane polynomial automorphisms commuting with
simple derivations, J. Pure Appl. Algebra, 221(4):875-882, 2016.
[5] D. A. Jordan, Differentially simple rings with no invertible derivations, the
Quart. Jour. of Math., 32: 417-424, 1981.
[6] S. Kour, A.K. Maloo,Simplicity of Some Derivations of k[x,y], Communica-
tions in Algebra, 41, 4, 2013.
[7] Y. Lequain,Simple Shamsuddin derivations of K[X, Y1, . . . , Yn]: An algorith-
mic characterization, J. Pure Appl. Algebra, 212(212):801-807 , 2008.
[8] Y. Lequain,Cyclic irreducible non-holonomic modules over the Weyl algebra:
An algorithmic characterization, J. Pure Appl. Algebra, 215 (4):531-545,
2011.
[9] A. Nowicki, Polynomial derivations and their rings of constants, Torun´: N.
Copernicus Univ. Press, 1994.
[10] C. Saraiva,Sobre Derivaes Simples e Folheses holomorfas sem Solu Algbrica,
Tese de Doutorado, 2012.
[11] D. Yan, Simple derivations in two variables, Communications in Algebra,
47(9): 3881–3888, 2019.
[12] D. Yan, On simple derivations and the group of polynomial automorphisms
commuting with certain derivations, arXiv:1808.07612v3.
7
